A fully anisotropic simple-cubic Ising lattice in the geometry of periodic cylinders n×n×∞ is investigated by the transfer-matrix finite-size scaling method. to the external field to the usual susceptibility amplitude, and (4) the ratio of the nonlinear susceptibility amplitude to the square of the linear susceptibility amplitude (i.e., for the finite-size counterpart of the four-point renormalized coupling constant).
I. INTRODUCTION
In paper [1] (hereafter referred to as I), the critical finite-size amplitudes of the inverse correlation lengths and the "singular" part of the free energy per spin have been calculated for the three-dimensional ferromagnetic Ising model on a simple-cubic lattice with fully anisotropic interactions. The amplitudes have been obtained by a finite-size scaling (FSS) analysis of the transfer matrix (TM) data for subsystems having a shape of n × n × ∞ cylinders with periodic boundary conditions in both transverse directions.
The results showed that the ratios of the above critical amplitudes practically do not depend on the anisotropy parameter J x /J z if the second parameter J y /J x is fixed (the parallelepipeds n × n × ∞ are assumed to be stretched along z axis; J x and J y are the interaction constants in the transverse directions of a cylinder, and J z is the interaction constant in the longitudinal direction). Furthermore, it has been found that the amplitude ratios are independent of the second anisotropy parameter, J y /J x , in the vicinity of J y /J x = 1. Unfortunately, a wrong conclusion concerning the amplitude ratio constancy in the full range of the J y /J x values has been made in I.
In addition to the amplitude of the spin-spin inverse correlation length (A s ) and the free-energy amplitude (A f ), in the present paper we calculate the amplitudes of linear and nonlinear susceptibilities (A χ and A χ (4) , respectively), as well as the amplitude of the second derivative of the spin-spin inverse correlation length with respect to the external field (A κ ′′ hh ).
The calculations are performed again for the cyclic clusters n × n × ∞ with the maximum number of lattice layers in each transverse direction n = 4 (i.e., for the sizes of TMs up to 65 536 × 65 536). Guiding ourselves by the functional equations of Privman and Fisher [2] [3] [4] , we construct from critical amplitudes the combinations A κ ′′ hh /A χ and A χ (4) A s /A 2 χ which, as A s /A f , do not contain the certain nonuniversal coefficients. The analysis shows that those amplitude ratios are universal with respect to the anisotropy parameter J x /J z → 0 but depend on the parameter J y /J x . However, the J y /J x dependencies exhibit smooth extrema near J y /J x = 1, and therefore the amplitude ratios have a local universality in their vicinity upon the second anisotropy parameter of the model.
In the present paper we find also the values of A s , A f , A κ ′′ hh /A χ , and A χ (4) /A 2 χ for n = 2, 3, and 4 in the special case of the fully isotropic simple-cubic Ising lattice by using the available high accurate estimates for the critical point and critical free energy and give three-point extrapolations for these quantities.
II. SPATIAL ANISOTROPY AND THE PRIVMAN-FISHER EQUATIONS
In the case of d-dimensional cylinders with sizes of L 1 × L 2 × · · · × L d−1 × ∞, the Privman-Fisher equations which allow to identify for the hyperscaling systems the universal combinations of critical finite-size amplitudes have the form [2] κ(t, h) = L −1 0 X(C 1 tL
In these equations,κ is the inverse correlation length in the longitudinal direction of the cylinder,f (s) is the singular part of the free-energy density measured in units of −k B T , t = (T − T c )/T c is the reduced temperature, h is the normalized external field, y T and y h are critical exponents, C 1 and C 2 are system-dependent metric factors, and L 0 is a scale length. The FSS functions X(x 1 , x 2 ; l 1 , l 2 , . . .) and Y (x 1 , x 2 ; l 1 , l 2 , . . .) are universal (within the limits of a given universality class) but may depend on the type of boundary conditions and, as we see, on the aspect ratios
For the scaling length L 0 , one can take
Let us pass in Eqs.
(1) and (2) to the dimensionless quantities which are immediately defined by the parameters of a subsystem Hamiltonian. Let the elementary cell of a simplecubic lattice have the sizes of a 1 × a 2 × · · · × a d and let the subsystem "frame" be a cylinder
where n i is a number of spins in the ith transverse direction.
We will, however, restrict ourselves to the case of cylinders with square cross section, i.e.,
n , where κ n and f (s) n are, respectively, the dimensionless inverse correlation length and singular part of the free energy per site. (Below, however, we will often omit, for brevity, the word "dimensionless".) In the new variables the Privman-Fisher equations can be written as
and
where
is the geometry prefactor. We suppose that at least two lattice spacings in the system are finite and nonzero; without loss of generality, we take them as a 1 and a d .
One obtains from Eqs. (3) and (4) that
and analogously for the dimensionless critical finite-size-scaling amplitudes of the derivatives
n (t, h). The geometry-prefactor form depends on the choice of L 0 . The prefactor is defined with exactness up to some multiplicative function of a 2 /a 1 , . . . , a d−1 /a 1 , inasmuch as such a function can be introduced into the scaling functions X and Y or, vice versa, taken out from them. We will however put G = 1 for the fully isotropic model.
In order to be able to employ the FSS theory, the "lattice spacings" a i must be chosen so that in the vicinity of the phase transition point the bulk correlation lengthsξ 1 , . . . ,ξ d along all the different spatial directions become equal between themselves:
Such a rescaling of lattice spacings can be made for systems with the isotropic critical exponent ν of the bulk correlation lengths, i.e. when ξ i = ξ (i) 0 t −ν (Refs. [5] [6] [7] ). The choice of a i completes, in principle, the process of expressing the quantities entering into the PrivmanFisher equations via "microscopic" parameters -the interaction constants of the Hamiltonian. Note that the situation is paradoxical to a certain extent: in order to use the FSS theory for extracting information about a bulk system from properties of its finite subsystems, one must know before the correlation-length amplitudes of the bulk system.
In the two-dimensional anisotropic Ising lattice which is a limited case (J y = 0) of the three-dimensional Ising model under question, the dimensionless bulk correlation lengths for T > T c are [8] (see also, e.g., Ref. [9] )
(When T < T c , the correlation length expressions differ from Eq. (7) by the factor −1/2 which is, however, unessential for the present considerations.) According to the isotropy requirement, a x ξ x = a z ξ z and therefore for the square Ising lattice [5] (see also [6, 10, 11] )
where the critical temperature T c is determined by the equation
Eqs. (8) and (9) in parametric form yield the geometry factor G(J x /J z ). Note that up to date the anisotropy factors have been found for many exactly solved two-dimensional models of statistical physics [12] [13] [14] .
In the three-dimensional space, Eqs. (3) and (4) are written as:
Due to the shape parameter a y /a x , the scaling functions depend on the coupling ratios, and therefore Eqs. (10) and (11) do not allow the existence of any universal amplitude
combinations. An obvious exception, however, is given by the case when the interactions in the transverse directions of the parallelepiped n × n × ∞ are equal between themselves. On physical grounds, it is clear that a x = a y by this, and consequently the critical amplitude combinations which do not contain C 1 , C 2 , and G will not depend upon the interaction constants in the system.
III. FORMULAS FOR THE SUSCEPTIBILITIES AND FOR THE INVERSE CORRELATION-LENGTH DERIVATIVE
For the amplitude ratio A κ ′′ hh /A χ , it follows from Eqs. (3) and (4) that
n /∂h 2 is the susceptibility of the system (f n denotes the dimensionless free energy per lattice site). Taking into account that A s = nκ n , one finds for the second amplitude combination
where χ
4 is a nonlinear susceptibility. Thus, the problem is to carry out the calculation of κ ′′ hh and χ (4) n for periodic cylinders n × n × ∞ at h = 0 since the method of calculating κ n and χ n was already done in I.
To solve these problems, we use, as in I, the TM technique. The matrix elements of TM, V, are given by
Here the spin variables S ij take the values ±1; S in+1 = S i1 and S n+1j = S 1j for all i, j = 1, 2, . . . , n; K α = J α /k B T (α = x, y, z). The matrix V is real, symmetric, and dense; having all its elements positive. The dimensionless free energy per spin equals
where Λ 1 is the largest eigenvalue of V. Further, the dimensionless spin-spin inverse correlation length in the longitudinal direction of a parallelepiped n × n × ∞ is
where Λ 2 denotes the second largest eigenvalue of the matrix V.
In order to derive the exact formulas for the zero-field derivatives of the free energy and inverse correlation length, we will use perturbation theory. For this one expands the TM in powers of h:
Let us use the symmetry of the model (in this context see I). V is invariant under the transformations of the group T∧C 2v (T is a group of translations in the transverse directions of a cyclic bar n × n × ∞ and C 2v is the point group generated by two symmetry planes going through the middles of opposite faces of the system). Pass in Eq. (17) to the basis of the identity irreducible representation of the group T ∧ C 2v . Expansion (17) preserves the above form but now its terms are blocks corresponding to the indicated representation.
Both eigenvalues Λ 1 and Λ 2 lie in the given block V. Take now into consideration the symmetry Z 2 (a group of spin inversions). The matrices V , V 2 , and V 4 are symmetrical and the matrices V 1 and V 3 are antisymmetrical (i.e., they change sign) under the spin inversion operation. Going by means of a similarity transformation into a new basis in which the original representation of the group is completely reducible, one obtains from Eq. (17)
For definiteness we suppose that the subblocks
2 , and V
correspond to the identity irreducible representation of the group Z 2 . Denote the sizes of these subblocks by N 1 × N 1 and the sizes of the subblocks
2 , and V i and ϕ i be the eigenpair of
1 is the largest eigenvalue of block V (2) . Note that λ
1 is also nondegenerate if we do not take the extreme cases which can be examined separately.
Using the stationary perturbation theory for a nondegenerate level, we find the largest eigenvalue of V with accuracy up to the terms of second order in h:
From here, the expression for the initial (zero-field) susceptibility follows as
The given formula, obtained by the perturbation-theory method, differs in a form from the one derived in I using the fluctuation-dissipation relation, but it is equivalent to it and yields the same values of the susceptibility.
In an analogous way, one obtains the following expression for the second largest eigenvalue of V:
From Eqs. (16), (19) , and (21) we get the work formula for the second derivative of the spin-spin inverse correlation length at point h = 0:
Calculating the largest eigenvalue Λ 1 up to the terms of fourth order in h, we find the following result (suited for programming) for the initial nonlinear susceptibility:
with
Explicit expressions for the matrix elements of subblocks V
2 , V
, and
are given in the Appendix. Notice that the full eigenproblems for the matrices V (1) and V (2) were solved by means of the C library function pair tred2 and tqli [16] . All calculations were carried out on a personal computer IBM PC-486 with the operating system FreeBSD.
IV. BEHAVIOR OF THE CRITICAL AMPLITUDE RATIOS
As already noted in Sec. II, the FSS amplitude combinations normally should depend on the interaction ratios which change the shape of a subsystem. This is in agreement with basic ideas of the renormalization-group theory.
We will consider how the amplitude combinations behave versus the interaction anisotropy parameters in the three-dimensional Ising model. To eliminate as effectively as possible nonuniversal quantities from the critical FSS amplitude combinations, it is naturally to consider the behavior of such combinations which do not include in its composition the nonuniversal metric and geometry factors. In other words, it is reasonable to base again on the Privman-Fisher equations in choosing the combinations.
For a cluster n × n × ∞, the values of linear and nonlinear susceptibilities and derivative κ ′′ hh are taken at critical temperatures which were determined by the (n − 1, n) cluster pair, i.e., through the equation
Since we are able to perform the calculations for subsystems with n ≤ 4, this allows us to have two independent iterations, with (2, 3) and (3, 4) pairs (a degenerate pair (1, 2) was eliminated from the consideration due to its anomalies [17] ). Two steps of converging iterations give already a possibility to extract valuable information about tendencies in the change of quantities with increasing n.
The results for the critical temperatures and critical FSS amplitude ratios A κ ′′ hh /A χ and
χ depending on J x /J z and J y /J x in the cases of both cluster pairs (2, 3) and (3, 4) are collected in Table I. Let us first discuss the behavior of amplitude ratios against J x /J z . Fig. 1 [18] shows the dependencies of A κ ′′ hh /A χ on J x /J z at different fixed values of J y /J x . If J y /J x = 0, the bar n × n × ∞ is reduced to statistically independent strips. In two-dimensional space, the dependence on an anisotropy parameter must be, as it follows from Eqs. (3) and (4), absent.
The J y /J x = 0 plot given in Fig. 1 confirms this: in the case of (3, 4) approximation, the ratio A κ ′′ hh /A χ is unchanged within the relative root-mean-square error 0.08%. We expect the constancy of amplitude ratios also at J y /J x = 1. The corresponding line shown in Fig. 1 can be considered as a straight one with an accuracy 0.31%. Importantly, the analogous error for the (2, 3) pair is 0.45%. Thus, the deviations versus J x /J z fall as n increases.
For intermediate fixed values of J y /J x , the amplitude ratio has weak but still quite detectible dependence against J x /J z . As it is seen in Fig. 1, variances Table I ) and for the A s /A f (Table I  of Ref. I) . As a whole one can conclude that the critical FSS amplitude combinations which do not contain the nonuniversal factors C 1 , C 2 , and G display a tendency to the universality under the anisotropy parameter J x /J z , when this is small (i.e., by a quasi-one-dimensional nature of interactions in the system).
We discuss now the behavior of the amplitude ratios as a function of the second anisotropy parameter, namely J y /J x . In I the amplitudes of the inverse correlation lengths and the free energy have been calculated for J y /J x ∈ [0, 1]. The amplitude A f was found from a set of two equations
with n = 3 and 4 ["background" f ∞ is a second unknown variable in Eq. (25)]. In this paper we prolong such calculations to J y /J x = 4 and use not only the (3, 4) pair but also the (2, 3)
one, to observe the evolution with increasing n. The results are shown in Fig. 2 . It can be seen from the figure that when the parameter J y /J x increases from zero, the ratio A s /A f first increases monotonically from some finite value which decreases with growth of cluster size. Then the A s /A f attains a smooth maximum near J y /J x = 1. Lastly, the ratio A s /A f falls monotonically as J y /J x becomes large.
It follows from the obtained data that the values of A s /A f are equal between themselves for J y /J x and (J y /J x ) −1 and this is better the smaller J x /J z . Clearly, the source of the J y /J x ↔ (J y /J x ) −1 symmetry is caused by the (approximate) J x /J z independency of amplitude ratios. The inversion symmetry leads in turn to an existence of extremum at J y /J x = 1.
Inasmuch as the extremum (maximum) is smooth, there is a local universality under the second anisotropy parameter J y /J x . We conclude that in the domain 0 < J x /J z ≪ 1 and |J y /J x − 1| ≪ 1 there exist a complete universality of the amplitude ratio A s /A f . Note also that in the maximum region both curves go quite near one to the other; such neighborhood characterizes the arrived convergence of (2, 3) and (3, 4) approximations.
We make the quantitative comparison of our data in the two-dimensional case. Space dimensionality d changes discontinuously from 3 to 2 in the limit J y /J x → 0. This leads in turn to a finite jump in values of A s /A f at J y /J x = 0 + and J y /J x = 0. Using Eq. (25) one finds for the (n − 1, n) pair that The inversion symmetry J y /J x ↔ (J y /J x ) −1 applies again.
Let us compare the results for the discussed amplitude ratios in the two-dimensional limit. Since
taking from Table I One can argue analogously for the combination A χ (4) A s /A 2 χ , calculation being carried out by the formula
Taking from Table I the necessary data, we find that at J x /J z = 10 −3 the ratio (5) following from the calculations [20] .
We discuss now a reason which could lead to a disappearance of the parameter J x /J z from scaling functions for the system with the dominant intrachain interaction (J z ≫ J x , J y ).
The bulk correlation-length amplitude is a function of the interaction constants. Let
In a lattice which is infinite in all three directions, the function φ(x, y, z) is symmetrical under the replacement of its 2nd and 3rd arguments:
φ(x, y, z) = φ(x, z, y). Moreover, φ(0, y, z) = 0 which means the absence of correlations in the direction along which there are no interactions. Let the expansion on the first argument begin from a term x in some power q. In accordance with physical reasoning, it is apparent that in the infinite lattice the amplitude ξ 
Further, the critical temperature of a quasi-one-dimensional Ising model is given by [21] 
Due to the fact that a decrease of k B T c /J z is logarithmically slow, the arguments of function φ
Expanding the bulk correlation-length amplitudes in Taylor series and keeping only the leading asymptotical term, we obtain that as J x /J z → 0 the aspect ratio a y /a x ≃ (J y /J x ) −q .
The anisotropy parameter J x /J z did drop out.
In the light of the above statements the Privman-Fisher equations for the quasi-onedimensional system (J x , J y ≪ J z ) can be written as
The geometry prefactor is normalized so that G(1, 1) = 1 and the dependence G(J x /J z , 0) is given by Eqs. (8) and (9).
We know that the J y /J x ↔ (J y /J x ) −1 invariance and the analyticity of scaling functions leads to the existence of a smooth extremum for the critical amplitude ratios of the n×n×∞ parallelepipeds at J y /J x = 1. In this context note that in the case of parallelepipeds with a rectangular cross section, n x × n y × ∞, one should expect the extrema for the certain ratios of critical amplitudes at J y /J x = (n y /n x ) 1/q .
V. COMPLETELY ISOTROPIC LATTICE
At present, the critical point of the fully isotropic simple-cubic Ising lattice is located to a high degree of accuracy: K c = 0.221 655(1) (Ref. [22] and references therein). It is known also with large accuracy the free energy at criticality: f ∞ = 0.777 90(2), Ref [23] .
On the other hand, we can carry out the calculations for subsystems n × n × ∞ with three numbers of lattice layers n = 2, 3, and 4. This allows, generally speaking, to perform the three-point extrapolations for accelerating the convergence and to improve the estimates of the universal critical amplitudes A s and A f and also the universal critical amplitude ratios
The results are summarized in Table II . One can compare our results with the available estimates. According to a Monte Carlo simulation on periodic cylinders n × n × 128 with n = 4, 6, 8, and 10 (Ref. [25] ), the critical FSS amplitude of the spin-spin inverse correlation length equals A s = 1.30(3). Our estimate A s = 1.26 (5) is consistent with the one above.
Information concerning the absolute amplitude of the free energy can be extracted from the published data by the indirect route. Indeed, in accordance with the calculations [26] carried out in the quantum limit of a three-dimensional Ising model, A s /A f = 3.671(6).
Using the above estimate A s = 1.30(3) one finds A f = 0.354 (9) . The value A f = 0.37 (3) given in Table II /A χ has the best convergence in n.
Finally, for the universal combination A χ (4) /A 2 χ which is the finite-size cumulant ratiō g ∞ , there exists an estimate only in the order of magnitude:ḡ ∞ ∼ 3 (Ref. [27] , see also the reviews [3] ). We have succeeded in obtaining this quantity to an accuracy of 5%.
VI. CONCLUSIONS
In this article, the author has presented large-scale transfer-matrix calculations for different finite-size amplitudes of a fully anisotropic simple-cubic Ising lattice in the shape of n × n × ∞ bars with periodic boundaries in both transverse directions. The behavior of amplitude combinations (ratios) which do not contain the nonuniversal metric factors and geometry prefactor was studied depending on the interaction anisotropy parameters J x /J z and J y /J x . It has been established that these amplitude ratios practically cease to depend on the anisotropy parameter J x /J z → 0 and, what more, this is true for wide interval,
It was shown that as a function of J y /J x the amplitude ratios have a smooth extremum (maximum) near J y /J x = 1. As a result, the critical finite-size amplitude combinations are universal with respect to both anisotropy parameters in the domain 0 < J x /J z ≪ 1 and
A mechanism leading to the J x /J z independence of certain amplitude ratios was pro- 
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The sizes of upper and lower subblocks in the expansion (18) of TM for a cylinder n × n × ∞ are equal between themselves (N 1 = N 2 ) by odd n and unequal (N 1 = N 2 ) by even n. Consider the cases of even and odd n separately.
Matrix elements of subblocks V (1) and V (2) for the bars 3 × 3 × ∞ and 4 × 4 × ∞ have been done in [15] and I. For the 2 ×2 ×∞ cluster, subblocks V (1) and V (2) have, respectively, the sizes 5 × 5 and 2 × 2 [15] . As for the 4 × 4 × ∞ cluster, their matrix elements are given by
The coefficients n i , m 
As in the case of 4 × 4 × ∞ cluster, the coefficients g (ij) s satisfy again the condition
For g for bars n×n×∞ with even n (i.e., for cylinders 2×2×∞ and 4 × 4 × ∞):
where m i = 0 by i > N 2 ; here and below we regard, for definiteness sake,G ij = 0 when i or j > N 2 . Analogously one evaluates for subblocks V 
2 :
and (V
The matrix elements of subblock V 
Lastly, for subblock V
we find (V
In the case of a cluster n × n × ∞ with odd number of layers n, the formulas are more uniform because the same set of coefficients g (ij) s enters into matrix elements for subblocks of both representations. Introducing the auxiliary quantities
we obtain for even (k) terms of transfer-matrix expansion:
and (V (2)
where A ij equal (A2) but, of course, with their sets of coefficients. By odd k, i.e. for subblocks 
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